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1) DÐnetai to pedÐo taqut twn

ux = x2y + y3, uy = −x3 − xy2, uz = 0.

a) (1,5 mon�dec) Na deÐxete ìti oi grammèc ro c eÐnai kuklikèc.
b) (1 mon�da) QwrÐc na upologÐsete tic exis¸seic twn troqi¸n, na dikaiolog ste an autèc tautÐ-
zontai   ìqi me tic exis¸seic twn gramm¸n ro c.

LÔsh: a) Gia na broÔme thn exÐswsh twn gramm¸n ro c èqoume:

dx

ux
=

dy

uy
=

dz

uz
= dλ.

Apì thn teleutaÐa exÐswsh brÐskoume
dz

uz
= dλ ⇒ dz = uzdλ = 0 ⇒ z = ξ3 = stajer�.

EpÐshc èqoume
dx

x2y + y3
=

dy

−x3 − xy2
⇒ −x3dx − xy2dx = x2ydy + y3dy ⇒

x2(xdx+ ydy) + y2(xdx+ ydy) = 0 ⇒ (x2 + y2)(xdx+ ydy) = 0 ⇒ (x2 + y2) d

[
1

2
(x2 + y2)

]
=

0 ⇒ d
[
(x2 + y2)2

]
= 0 ⇒ (x2 + y2)2 = c = stajer�. H stajer� c kajorÐzetai apì tic arqikèc

sunj kec kai isoÔtai me c = [(ξ1)2 + (ξ2)2]2. Epomènwc èqoume th sqèsh h x2 + y2 =
√
c opoÐa

perigr�fei kÔklo aktÐnac
√

(ξ1)2 + (ξ2)2.

b) Oi exis¸seic twn gramm¸n ro c sumpÐptoun me tic exis¸seic twn troqi¸n giatÐ o qrìnoc
t den emfanÐzetai rht� sthn èkfrash thc taqÔthtac.

2) DÐnetai to pedÐo taqut twn

ux = 2az, uy = 0, uz = 3bx,

ìpou a, b pragmatikèc stajerèc.
a) (1 mon�da) Na exet�sete an autì to pedÐo proèrqetai apì dunamikì kai na breÐte to di�nusma
strobilismoÔ ω⃗.
b) (1 mon�da) Na brejoÔn oi exis¸seic twn gramm¸n ro c.
g) (0,5 mon�dec) Pwc diamorf¸nontai oi apant seic sta erwt mata (a) kai (b) an isqÔei b = 2a

3 ?

LÔsh: a) Epeid  rotu⃗ = ∇×u⃗ =

∣∣∣∣∣∣
e⃗1 e⃗2 e⃗3
∂
∂x

∂
∂y

∂
∂z

2az 0 3bx

∣∣∣∣∣∣ = (2a−3b)e⃗2 ̸= 0⃗ (an 2a−3b ̸= 0) to pedÐo den

proèrqetai apì dunamikì. To di�nusma strobilismoÔ eÐnai ω⃗ = 1
2rotu⃗ = (a− 3

2b)e⃗2 =

 0
a− 3

2b
0

.
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b) Gia na broÔme thn exÐswsh twn gramm¸n ro c èqoume:

dx

ux
=

dy

uy
=

dz

uz
= dλ.

EÔkola brÐskoume
dy

uy
= dλ ⇒ dy = uydλ = 0 ⇒ y = ξ2 = stajer�.

EpÐshc èqoume
dx

2az
=

dz

3bx
⇒ 2azdz = 3bxdz ⇒ 2a

∫
zdz = 3b

∫
xdx ⇒ az2 =

3bx2

2
+ c. H

stajer� c kajorÐzetai apì tic arqikèc sunj kec kai isoÔtai me c = a(ξ3)2 − 3b

2
(ξ1)2.

Epomènwc oi grammèc ro c perigr�fontai apì tic sqèseic:

z2 =
3b

2a
x2 + (ξ3)2 − 3b

2a
(ξ1)2, y = ξ2.

g) An b = 2a
3 tìte rotu⃗ = ∇ × u⃗ = 0 kai to pedÐo proèrqetai apì dunamikì. EpÐshc

ω⃗ = 0⃗. Gia tic exis¸seic twn gramm¸n ro c paÐrnoume

z2 = x2 + (ξ3)2 − (ξ1)2, y = ξ2.

3) H paramìrfwsh suneqoÔc mèsou dÐnetai apì tic sqèseic:

x′1 = x1 + b(x22 + x1)

x′2 = x2 + b(x23 + x2)

x′3 = x3 + b(x21 + x3)

ìpou 0 < b ≪ 1.
a) (1 mon�da) Na exetasteÐ an h paramìrfwsh eÐnai apeirost    peperasmènh kai na brejeÐ o
tanust c paramìrfwshc.
b) (1,5 mon�dec) Na brejeÐ o suntelest c sqetik c epim kunshc sto shmeÐo A(0, 1, 0) kat� th

dieÔjunsh pou orÐzei to di�nusma n⃗ =

 1
0
−1

.

LÔsh: a) Ta dianÔsmata metatìpishc dÐnontai apì tic sqèseic:

w1 = x′1 − x1 = b(x22 + x1) = bw′
1

w2 = x′2 − x2 = b(x23 + x2) = bw′
2

w3 = x′3 − x3 = b(x21 + x3) = bw′
3

Mia paramìrfwsh eÐnai apeirost  ìtan
∂wi

∂xj
≪ 1. Apì tic parap�nw sqèseic blèpoume ìti

∂wi

∂xj
=

b
∂w′

i

∂xj
= bk ≪ 1 diìti k =

∂w′
i

∂xj
eÐnai peperasmènoc arijmìc. Epomènwc h paramìrfwsh eÐnai

apeirost .
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Sthn perÐptwsh apeirost c paramìrfwshc ta stoiqeÐa tou tanust  paramìrfwshc dÐnontai apì

tic sqèseic ϵij =
1

2

[
∂wi

∂xj
+

∂wj

∂xi

]
. Opìte o tanust c paramìrfwshc eÐnai:

(ϵij)(x1,x2,x3) =

 b bx2 bx1
bx2 b bx3
bx1 bx3 b

 (1)

b) O tanust c paramìrfwshc gia to shmeÐo A(0, 1, 0) eÐnai

(ϵij)A =

 b b 0
b b 0
0 0 b

 . (2)

O suntelest c sqetik c epim kunshc gia to shmeÐo A(0, 1, 0) eÐnai la⃗ = a⃗TEAa⃗, ìpou a⃗T o an�s-
trofoc pÐnakac tou monadiaÐou dianÔsmatoc a⃗ kat� th dieÔjunsh tou n⃗. 'Eqoume dhlad  a⃗ =

1√
2

 1
0
−1

, opìte la⃗ =
1√
2
(1, 0,−1)

 b b 0
b b 0
0 0 b

 1√
2

 1
0
−1

 =
1

2
(1, 0,−1)

 b
b
−b

 = b.

4) H kat�stash t�shc se suneqèc mèso kajorÐzetai apì ton tanust  t�shc:

p11 = x21, p22 = x22, p33 = 0, p12 =
x3
2
, p13 = p23 = 1.

a) (1,5 mon�dec) Na breÐte to gewmetrikì tìpo twn shmeÐwnM tou q¸rou me thn akìloujh idiìthta:
Gia k�je tètoio shmeÐo M up�rqei kat�llhlh dieÔjunsh n⃗ ¸ste to di�nusma t�shc p⃗n⃗(M) wc proc
aut  th dieÔjunsh na mhdenÐzetai.
b) (1 mon�da) Na brejeÐ h dieÔjunsh kat� thn opoÐa mhdenÐzetai h t�sh sto shmeÐo (1, 2, 5).

LÔsh: a) H genik  morf  tou tanust  t�shc eÐnai

(Tij) =

 x21
1
2x3 1

1
2x3 x22 1
1 1 0

 .

Gia to monadiaÐo di�nusma n⃗ = (n1, n2, n3) pou kajorÐzei th dieÔjunsh ìpou mhdenÐzetai h t�sh ja
isqÔei

n2
1 + n2

2 + n2
3 = 1, (3)

kai

T n⃗ = 0⃗ ⇒

 x21
1
2x3 1

1
2x3 x22 1
1 1 0

 n1

n2

n3

 =

 0
0
0

 ⇒

(
x21

)
n1 +

(
1

2
x3

)
n2 + n3 = 0,

(
1

2
x3

)
n1 +

(
x22

)
n2 + n3 = 0, n1 + n2 = 0. (4)

3



H teleutaÐa sqèsh thc (4) mac dÐnei

n2 = −n1, (5)

kai h pr¸th

n3 =

(
1

2
x3 − x21

)
n1, (6)

opìte telik� paÐrnoume(
x21 + x22 − x3

)
n1 = 0. (7)

Epeid  n1 ̸= 0, (afoÔ se diaforetik  perÐptwsh den ja epalhjeuìtan h (3) ) èqoume

x21 + x22 − x3 = 0, (8)

ìpou eÐnai h exÐswsh tou zhtoÔmenou gewmetrikoÔ tìpou.

b) To shmeÐo (1, 2, 5) an kei ston gewmetrikì tìpo afoÔ ikanopoieÐ thn exÐswsh (8). Epomènwc
apì tic (5), (6) kai (3) brÐskoume ìti

n⃗ =

(
2√
17

,− 2√
17

,
3√
17

)
. (9)

4


